Abstract. Cartan's method of moving frames is briefly recalled in the context of immersed curves in the homogeneous space of a Lie group G. The contact geometry of curves in low dimensional equi-affine geometry is then made explicit. This delivers the complete set of invariant data which solves the G-equivalence problem via a straightforward procedure, and which is, in some sense a supplement to the equivariant method of Fels and Olver. Next, the contact geometry of curves in general Riemannian manifolds (M, g) is described. For the special case in which the isometries of (M, g) act transitively, it is shown that the contact geometry provides an explicit algorithmic construction of the differential invariants for curves in M . The inputs required for the construction consist only of the metric g and a parametrisation of structure group SO(n); the group action is not required and no integration is involved. To illustrate the algorithm we explicitly construct complete sets of differential invariants for curves in the Poincaré half-space H 3 and in a family of constant curvature 3-metrics. It is conjectured that similar results are possible in other Cartan geometries.
Introduction
The classical topic of immersed submanifolds in homogeneous spaces via repère mobile or moving frames is discussed here in the simplest case, that of curves. Several authors have written on the method of repère mobile, over the years since Cartan's works, such as [5] ; these include S.S. Chern [6] , J. Favard [8] , P.A. Griffiths [12] , G.R. Jensen [14] , M.L. Green [11] , R. Sulanke [26] , R. Sharpe [21] and M.E. Fels & P.J. Olver [9, 10] . Some of these authors have the goal of placing Cartan's method on a firm theoretical foundation as well as extending its range of application beyond the classical realm. More recently, a reformulation of the method of moving frames, due to Fels and Olver [9, 10] has lead to renewed activity and a great many new applications and perspectives, have arisen (see [18] and references therein). Whereas Cartan emphasised the construction of canonical Pfaffian systems whose integral manifolds are the Frenet frames along the submanifold, a much more direct approach is favoured in the Fels-Olver formulation and this has a number of significant advantages. However, in this paper, we shall reconsider the role of Pfaffian systems in the method of moving frames in the light of recent results in the geometry of jet spaces with the principal goal of making the contact geometry of curves more explicit and giving some indication about its possible applications. Another goal is to provide additional insight into the relationship between Cartan's method of moving frames and the equivariant method of Fels and Olver 1 .
The considerations in this paper were inspired by a paper of Shadwick and Sluis [20] , in which the authors observed that many of the Pfaffian systems derived by Cartan admit a Cartan prolongation which is locally diffeomorphic to the contact distribution on jet space J k (R, R q ), for some k and q, thereby explicitly adding contact geometry to Cartan's method of moving frames. Another way to view the aims of this paper is the further development of the ideas in [20] in relation to moving frames for curves by exploring the application of a recent generalisation [27, 28] of the Goursat normal form from the theory of exterior differential systems [25, 3] allowing for the explicit determination of differential invariants and other invariant data in cases which have not been previously explored in detail. Of particular interest are curves in general Cartan geometries and in this paper we have focused on the Riemannian case and conjecture that similar results hold for other Cartan geometries.
We show that given any n-dimensional Riemannian manifold (M n , g) then the Pfaffian system whose integral manifolds determine the Frenet frames along curves in M has a Cartan prolongation which can be identified with the contact system on jet space J n (R, R n−1 ). The explicit construction of the identification requires only differentiation. In case the isometries of (M n , g) act transitively then the construction of the differential invariants that settles the equivalence problem for curves up to an isometry differs from the approach of FelsOlver in that explicit a priori knowledge of the isometries or even the infinitesimal isometries is not required; as in the Fels-Olver method no integration is called for. The inputs for algorithm Riemannian curves consist only of the metric g and a realisation of the Lie group SO(n).
Moreover, a contention of this paper is that the contact geometry of submanifolds to be described below should be a fundamental fact and lead to useful points of view that complement and enhance the geometric analysis of submanifolds by existing methods such as Cartan's method of moving frames and the equivariant moving frames method of Fels and Olver.
The content of this paper is as follows. After briefly recalling the method of moving frames, as practiced by Cartan, we study one of the simplest non-trivial examples: curves in 2-dimensional equi-affine geometry. It is then shown how the (classical) Goursat normal form applies to give the unique differential invariant and moving frame, explicitly. This familiar, illustrative example encapsulates the ideas proposed in this paper and is simple enough so that all details can be given. An account of the generalised Goursat normal form [27, 28] is then given in the special case of total prolongations (uniform Goursat bundles) in preparation for the study of immersed curves in higher dimensional Cartan geometries. Section 4 illustrates the principles developed in the previous section by applying it to study curves in 3d-equi-affine geometry, computing the complete set of differential invariants via the generalised Goursat normal form.
Section 5 is devoted to the contact geometry of curves in any Riemannian manifold and contains the main application of the paper. The general method is used to explicitly derive the differential invariants for curves in the Poincaré half-space H 3 and for curves in a family of constant curvature 3-metrics. These invariants do not seem to have appeared in the literature before. The results demonstrate that the contact geometry of submanifolds can offer an alternative path to invariant data for curves besides the Fels-Olver equivariant method and Cartan's method which, in the latter case, relies so much on geometric insight and special tricks for the construction of the Frenet frames 2 .
Finally, it should be mentioned that while this paper only explores the case of curves, the contact geometry of higher dimensional submanifolds could be similarly studied, commencing with the well known characterisation of contact systems in any jet space given in [2, 30] .
Method of repère mobile applied to curves
According to [14] the general problem treated by Cartan in [5] and elsewhere is that of the invariants of submanifolds in the homogeneous space of a Lie group G under the action of G. In this section, I will give a very brief description of the method of repère mobile, Cartan's principal tool for addressing this type of problem. More complete discussions can be found in the references quoted above such as [8, 12, 14, 26] . The exposition given by Cartan in [4] is still well worth reading.
Let G be a Lie group and H ⊂ G a closed subgroup. Then we have the H-principal bundle
of left cosets of H in G and we let M := G/H. Map π is the natural projection assigning a leftcoset gH to each element of g ∈ G.
There is a natural left-action of G on M : g·zH = gzH, for all g ∈ G. Let x be a local coordinate system on M . Cartan typically began with a representation of G which could be "decomposed" into columns e 1 , e 2 , . . . , e r of H ⊂ G and x, a column vector whose components are the coordinates x on M . Cartan defines differential 1-forms
The 1-forms ω i are semi-basic for π. Furthermore, we have 1-forms ω j i defined by
The 1-forms ω i , ω j i , i, j = 1, . . . , r are the components of the Maurer-Cartan form ω on G; the integral submanifolds of the Pfaffian system
foliates G by the left cosets of H. Suppose f : T → M is an immersion of a manifold T into M . Then a moving frame is a local map F : T → G such that f = π • F . That is, the moving frame assigns to each point t ∈ T a coset f (t) ∈ G/H. With this general set up, Cartan addresses the following problem for submanifolds of M . Let f 1 : T 1 → M and f 2 : T 2 → M be submanifolds. Find necessary and sufficient conditions, in the form of differential invariants, such that there is a local diffeomorphism µ : T 1 → T 2 and element g ∈ G such that
The '•' denotes function composition while '·' continues to denote the left-action of G on M . A special case of this is the so-called fixed parametrisation problem where one takes T 1 = T 2 = T and µ is the identity on T . This congruence problem is the one that will be studied in this paper.
In case the submanifolds of M are curves, Cartan begins by choosing a codimension 1 subset of the semibasic 1-forms and defines the Pfaffian system Ω :
One studies the solutions of Ω since these project via π down to curves in G/H, which are the objects of interest. One way to do this is via the Cartan-Kähler theorem [3] . Accordingly, one computes the exterior derivatives of the ω j , j = 2, . . . , r and appends these "integrability conditions" to Ω forming the differential idealΩ with independence form ω 1 . This procedure allows one to prove existence of integral curves for Ω and provides information about the number of such integral curves. However, this makes no use of the special origin of the 1-forms in Ω, arising as they do from the Maurer-Cartan form ω on G. As a result of this one can go much further. From the structure equations of ω and the vanishing of the exterior derivatives dω i we deduce additional 1-form equations of the form
for some functions p j i on G, which are appended to Ω as integrability conditions, thereby forming the new Pfaffian system Ω :
In essence, the method of moving frames consists of using the fact that H acts on the fibres of G → G/H on the right inducing a transformation of the Maurer-Cartan form ω on G, [23, Chapter 7] . Indeed, the transformation (x, e 1 , . . . , e r ) → (x, e 1 , . . . , e r )h,
on G induces the transformation
on the Maurer-Cartan form ω. In turn, this induces a transformation on the functions p j i . To proceed further we recall the notion of a Cartan prolongation. Definition 1. Let I be a Pfaffian system on manifold M and p : M → M a fibre bundle. A Pfaffian system I on M is said to be a Cartan prolongation of (M, I) if 1) p * I ⊆ I;
2) for every integral submanifold σ : S → M of I there is a unique integral submanifold σ : S → M of I that projects to σ; that is, σ = p • σ.
We say that σ is the Cartan lift of σ.
If we choose to view (G× R s ,Ω), where the factor R s carries the "parameters" p j i , as a Cartan prolongation of (G, Ω) then (3) induces a reduction of the trivial bundle G × R s → G by normalising the coordinates p j i on the fibres to simple constants like 0 and ±1. OnceΩ has been normalised, the process begins again by taking exterior derivatives of the enlarged, normalised Pfaffian system arising fromΩ. Each step selects a subgroup K ⊂ H. If the process terminates at K = {identity} of G then the resulting Pfaffian system arising fromΩ is canonical. The integral submanifolds ofΩ are the Frenet frames, F. Hereafter we shall label this canonical Pfaffian system by the symbol Ω F .
The main assertion made in this paper is that the canonical Pfaffian system Ω F determining each Frenet frame along an immersed curve admits a Cartan prolongation Ω F on E := G × R ν for some ν, so that (E, Ω F ) is locally diffeomorphic to a jet space (
is the contact sub-bundle. The coordinates on the R ν factor of E carry the differential invariants of the problem. Indeed, the integral manifolds of Ω F , say, Γ : I → G × R ν project down to the Frenet lifts Γ of curves γ : I → M as in
where I ⊆ R is an interval. Hereafter, one of our goals is to give examples which demonstrate the assertion made above, namely that the Pfaffian system Ω F can be identified with a contact system. This identification can be constructed explicitly and provides explicit coordinate formulas for all the invariant data: differential invariants, Fels-Olver equivariant moving frames and invariant differential forms. In Section 5 we will prove that this procedure can be applied to curves in any Riemannian manifold and in that case it is algorithmic 3 . Importantly, one is not required to explicitly know the group action a priori. Before this we will work out some pedagogical examples. The first of these is sufficiently low dimensional so that all details can be given.
Curves in the equi-affine plane
The goal in this subsection is to provide a simple illustration of the method of moving frames as described in the previous subsection. We will construct the Frenet frame F for a plane curve up to equi-affine transformations by constructing the canonical Pfaffian system Ω F and the appropriate Cartan prolongation Ω F , as described above. Here equi-affine transformations means the standard transitive action of the Lie group G = SL(n, R) ⋉ R n on R n . For plane curves we take n = 2; the action on R 2 with local coordinates ξ 1 , ξ 2 is
where A ∈ SL(2, R) and x, y ∈ R. We identify R 2 with G/SL(2, R) where the elements of G are matrices of the form
and ad − bc = 1. We call this homogeneous space the affine plane and denote it by A 2 . For local coordinates on A 2 we take x, the first column of g ∈ G and e 1 , e 2 are the next two columns of g. Equations (1), (2) give the semi-basic forms
and connection forms
where β = (1 + bc)/a, where we have chosen a chart on SL(2, R) in which a = 0; note that ω 1 1 + ω 2 2 = 0. It is useful to record the structure equations
Successive adapted frames are integral curves of certain Pfaffian systems which will be denoted by Ω i , i = 1, 2, . . .. The first adapted frames for curves in A 2 are integral curves of the Pfaffian system Ω 1 , consisting of the single 1-form equation
with independence form ω 1 . From structure equations (6), we obtain 0 = dω 2 ≡ ω 1 ∧ ω 2 1 mod ω 2 and hence to complete Ω 1 to a differential idealΩ 1 we extend it by appending the 2-form equation ω 2 1 ∧ ω 1 = 0. This equation implies that there is a function p on G such that the 2-form equation can be replaced by ω 2 1 − p ω 1 = 0, a kind of "first integral". We extend Ω 1 by this 1-form equation and rename the extended Pfaffian systemΩ 1 to get
Note that the reconstitutedΩ 1 is no longer a differential ideal. As discussed in Section 2, an element h ∈ H acts on the frame [x, e 1 , e 2 ] over each point x ∈ G/H on the right inducing the transformation (4) on the Maurer-Cartan form on G. This, in turn induces a transformation on the function p. The subgroup
We obtain
The Pfaffian systemΩ 1 is transformed to
That is, the function p undergoes the transformation p → a 3 p. Accordingly, we can choose a so that ap 3 = 1 and transformΩ 1 to 4
4 We have made a tacit genericity assumption that p = 0. The case p = 0 must be considered separately, as in [14] . To simplify the exposition we shall continue to make such genericity assumptions in this paper.
The integral submanifolds of Ω 2 , with independence form ω 1 are the "second order frames" for curves in A 2 . The subgroup
We must now extend Ω 2 to a differential ideal by computing the exterior derivative of ω 2 1 − ω 1 . From the structure equations we obtain 3ω 1 1 ∧ ω 1 = 0. As before, there is a function q on G such that the 2-form equation can be replaced by
so that (the reconstituted)Ω 2 is given by the 1-form equations
and is no longer a differential ideal. By performing a H 2 change of frame the 1-forms in (7) become
Thus Ω 2 is invariant under a H 2 change of frame while
We can chose b = q to obtain the 1-form equation ω 1 1 = 0, and giving rise to the final adapted frame (dropping tildes)
which "reduces the isotropy group to the identity". Thus, Ω 3 is the Pfaffian system Ω F and its integral curves are the Frenet lifts F of curves in A 2 . Computing the exterior derivative of ω 1 1 = 0 we obtain the 2-form equation ω 1 2 ∧ ω 1 = 0 and hence there is a function κ on G such that ω 1 2 − κω 1 = 0. This time there is no freedom left in our choice of frame that enables κ to be transformed away. The function κ here is intrinsic. Hence, in this case, the Cartan prolongation we seek is the Pfaffian system Ω F augmented by the 1-form equation
The integral curves of Ω F with independence form ω 1 determine the unique equiaffine invariant for plane curves.
Theorem 1. Let I ⊆ R be an interval and γ i : I → A 2 be two immersed curves in the equi-affine plane, each parametrised by equi-affine arc-length. Then there is an element g ∈ G such that γ 2 = g · γ 1 if and only if their Cartan lifts Γ i : I → G × R satisfy
identically on I. and Γ i are Cartan lifts of γ i . Finally Γ i are integral submanifolds of Ω F on G×R and consquently for i = 1, 2 we have
Proof . Let us firstly recall that (G
Since both curves are parametrised by equi-affine arc-length s we have Γ * 1 ω 1 = Γ * 2 ω 1 = ds. From this and from (9) we deduce that
where Ω MC is the Maurer-Cartan form on G. It follows from the standard theorem about maps into a Lie group [22, Chapter 10, Theorem 18] that there is a fixed element g ∈ G such that
for some g ∈ G, then the Frenet lifts Γ i of γ i satisfy (10) and are integral submanifolds of Ω F . But since Ω F is a Cartan prolongation of Ω F , there are Cartan lifts Γ i of Γ i which are integral submanifolds of Ω F . Equation (8) follows from this and equation (10). Remark 1. This theorem encapsulates the basic idea of this paper and is proposed as a model for the study of curves in any Cartan geometry. The relationship between Theorem 1 and diagram (5) should be clear. The idea now is that by the Goursat normal form
, where C (4) 1 is the contact sub-bundle of
1 . In fact, Theorem 1 proves that knowing the diffeomorphism φ explicitly constructs the unique invariant κ for plane equi-affine curves explicitly, namely the equi-affine curvature, as well as the equi-affine arc-length. Explaining this is the goal of the next subsection.
Goursat normal form
The Goursat normal form is a local characterisation of the contact distribution on J k (R, R) for all k ≥ 1, which we denote C (k)
1 . The original theorem is not due to Goursat who was its populariser. It appears the theorem is originally due, in some form, to E. von Weber but the statement of it I give below essentially arises from a 1914 work of Cartan. A good reference is [25] . This reference describes an interesting, relevant but largely forgotten work of Vessiot [29] . First we establish some notation and definitions.
The derived f lag
Suppose M is a smooth manifold and V ⊂ T M a smooth sub-bundle of its tangent bundle. The structure tensor is the homomorphism of vector bundles δ :
If δ has constant rank, we define the first derived bundle V (1) as the inverse image of δ(Λ 2 V) under the canonical projection T M → T M/V. Informally,
The derived bundles V (i) are defined inductively:
assuming that at each iteration it defines a vector bundle, in which case we shall say that V is regular. For regular V, by dimension reasons, there will be a smallest k for which
This k is called the derived length of V and the whole sequence of sub-bundles
the derived flag of V. We shall denote by V (∞) the smallest integrable sub-bundle containing V.
Cauchy bundles
Let us define
Even if V is regular, the homomorphism σ need not have constant rank. If it does, let us write Char V for its kernel. The Jacobi identity shows that Char V is always integrable. It is called the Cauchy bundle or characteristic bundle of V. If V is regular and each V (i) has a Cauchy bundle then, we say that V is totally regular. Then by the derived type of V we shall mean the list
Theorem 2 (Goursat normal form). Let V ⊂ T M be a smooth, totally regular, rank 2 sub-bundle over smooth manifold M such that
Then there is a generic subsetM ⊆ M such that in a neigbourhood of each point ofM there are local coordinates x, z 0 , z 1 , z 2 , . . . z k such that V has local expression
A proof can be found in [25, pp. 157-159] . The proof of a much more general result in which the Goursat normal form is a special case is given in [28] . The significance of the latter is that an procedure is provided for constructing the local contact coordinates x, z 0 , . . . , z k . This is procedure Contact B on page 287 of [28] with ρ k = 1 and ρ 1 = ρ 2 = · · · = ρ k−1 = 0; the ρ i are defined in Section 3. In this special case we have the following.
Procedure Contact for the Goursat normal form
INPUT : Sub-bundle V ⊂ T M of derived length k which satisfies the hypotheses of Theorem 2. a) Fix any first integral of Char V (k−1) , denoted x, and any section Z of V such that Zx = 1. b) Define a distribution Π k as follows:
OUTPUT : Functions x, z 0 , z 1 , . . . , z k are contact coordinates for V.
The proof of correctness of this procedure is given in [28] .
Equi-affine invariants & the Goursat normal form
We use this procedure to construct the various invariant objects for this geometry. In fact we will construct the Frenet frames by constructing all the integral submanifolds of Ω F . So we set V := Ω ⊥ F :
Note that we have adopted the usual convention of denoting the frame dual to
In local coordinates we have
Calculation verifies that the hypotheses of Theorem 2 are met and that the derived length of V is k = 4. Then step a) of Contact requires that we construct at least one invariant of
which has invariants x, y, a/c. Any one of these can be taken as the "independent variable". Since x, y are local coordinates on G/SL(2, R), we shall choose x for this purpose. It then follows that we may take Z to be
Step b) requires the construction of Π 4 . We get
The invariants of Π 4 are in fact x, y and hence by step c), we set z 0 = y and construct z j = Zz j−1 , 1 ≤ j ≤ 4. We get
obtaining the equivalence φ :
between V and the contact distribution on J 4 (R, R). The inverse of φ is
Hence if we express the curve in A 2 as a graph (x, f (x)) then we deduce from φ −1 that the equi-affine curvature is the well known expression
We also obtain the unique G-invariant 1-form, the equi-affine arc length by pulling back ω 1 by φ −1 ,
and the Frenet frame
of the curve (x, f (x)) by pulling back an arbitrary element g ∈ G by φ −1 . Of course, we can express everything in terms an arbitrary immersion (x(t), y(t)) into A 2 , rather than as a graph.
Remark 2. Note that the procedure we have just described for the invariant data of curves in A 2 is not algorithmic; we had to solve differential equations to obtain the equivalence φ. In practice, however, we find that when the contact system is that of J k (R, R q ) where q > 1, this integration can often be avoided. We will illustrate this for curves in A 3 and prove, in Section 5, that it holds for curves in any Riemannian manifold of dimension greater than 2.
On the generalised Goursat normal form
To carry out the programme of the previous section for curves immersed in manifolds of dimension greater than two we must be able to characterise the contact distributions on jet spaces J k (R, R q ), for all k, q ≥ 1; the case q = 1 being the Goursat normal form. In principle this generalisation should include partial prolongations of the contact distribution on J 1 (R, R q ) and such a characterisation exists -the generalised Goursat normal form [27, 28] . However, so far the full scope of this characterisation has not been required. It turns out that only total prolongations of the first order jet space are sufficient. Accordingly, we will only briefly review those parts of [27, 28] that are needed for the results to be described in this paper.
The singular variety
For each x ∈ M , let S x = {v ∈ V x \0 | σ(v) has less than generic rank}.
Then S x is the zero set of homogeneous polynomials and so defines a subvariety of the projectivisation PV x of V x . We shall denote by Sing(V) the fibre bundle over M with fibre over x ∈ M equal to S x and we refer to it as the singular variety of V. For X ∈ V the matrix of the homomorphism σ(X) will be called the polar matrix of [X] ∈ PV. There is a map deg V : PV → N well defined by
We shall call deg V ([X]) the degree of [X]. The singular variety Sing(V) is a diffeomorphism invariant in the sense that if V 1 , V 2 are sub-bundles over M 1 , M 2 , respectively and there is a diffeomorphism φ : M 1 → M 2 that identifies them, then Sing(V 2 ) and Sing(φ * V 1 ) are equivalent as projective subvarieties of PV 2 . That is, for each x ∈ M 1 , there is an element of the projective linear group P GL(V 2| φ(x) , R) that identifies Sing(V 2 )(φ(x)) and Sing(φ * V 1 )(φ(x)). We hasten to point out that the computation of the singular variety for any given subbundle V ⊂ T M is algorithmic. One computes the determinantal variety of the polar matrix for generic [X].
The singular variety in positive degree
It is convenient to eliminate lines of degree zero and for this reason we pass to the quotient V := V/Char V. We have structure tensor δ : Λ 2 V → T M / V, well defined by
where T M = T M/Char V and
is the canonical projection. The notion of degree descends to this quotient giving a map
Note that all definitions go over mutatis mutandis when the structure tensor δ is replaced by δ. In particular, we have notions of polar matrix and singular variety, as before. However, if the singular variety of V is not empty, then each point of P V has degree one or more.
The resolvent bundle
Suppose V ⊂ T M is totally regular of rank c + q
for each x ∈ M and some rank q sub-bundle B ⊂ V. Then we call (V, P B) (or (V, Σ)) a Weber structure of rank q on M .
Given a Weber structure (V, P B), let R(V) ⊂ V, denote the largest sub-bundle such that
We call the rank q + c bundle R(V) defined by (11) the resolvent bundle associated to the Weber structure (V, Σ). The bundle B determined by the singular variety of V will be called the singular sub-bundle of the Weber structure. A Weber structure will be said to be integrable if its resolvent bundle is integrable.
We will see that the resolvent bundle is the key to the construction of an identification of a given differential system with a contact system, if such an identification exists; and hence the name.
An integrable Weber structure descends to the quotient of M by the leaves of Char V to be the contact bundle on J 1 (R, R q ). Thus, the resolvent bundle and its concomitant Weber structure is a constructive characterisation of the contact bundle on the 1-jets J 1 (R, R q ). The term 'Weber structure' honours Eduard von Weber (1870-1934) who was the first to publish a proof of the Goursat normal form. For completeness we record the following properties of the resolvent bundle of a Weber structure.
Proposition 1 ([27]
). Let (V, Σ) be a Weber structure on M and B its singular sub-bundle. If q ≥ 3, then the following are equivalent a) its resolvent bundle R(V) ⊂ V is integrable; b) each point of Σ = Sing( V) has degree one; c) the structure tensor δ of V vanishes on B: δ( B, B) = 0.
Proposition 2 ([27]
). Let (V, Σ) be an integrable Weber structure on M . Then its resolvent bundle R(V) is the unique, maximal, integrable sub-bundle of V.
Checking the integrability of the resolvent bundle is algorithmic. One computes the singular variety Sing( V) = P B. In turn, the singular bundle B algorithmically determines R(V). Example 1. The canonical model of an integrable Weber structure is the contact distribution on J 1 (R, R q ) for q > 1, extended by Cauchy characteristics
The quotient V = V/Char V has singular sub-bundle
and the resolvent bundle of integrable Weber structure (V, P B) is
The invariants of the resolvent bundle are spanned by {x, u 1 , . . . , u q }. So the resolvent bundle provides a geometric characterisation of the "independent variable" x and the "dependent variables" u i , after which differentiation by a canonically defined total derivative operator leads to higher order jet coordinates. See Sections 3.2 and 4 of this paper for further details. See [27, 28] for the general theory with proofs and further examples.
The uniform generalised Goursat normal form
We are now able to give a characterisation of the contact distribution on J k (R, R q ), C (k) q for any k, q ≥ 1, generalising the Goursat normal form to the uniform case.
Theorem 3 (generalised Goursat normal form -uniform case, [27, 28] ). Let V ⊂ T M be a smooth, totally regular, sub-bundle of rank q + 1 and derived length k, some k, q > 0, over smooth manifold M such that
Then there is a generic subsetM ⊆ M such that around each point ofM the distribution V is locally equivalent to C (k) q .
If q = 1 then c) follows from b) and the Weber structure is not defined in which case Theorem 3 reduces to the Goursat normal form, Theorem 2. We call any sub-bundle that satisfies the hypotheses of Theorem 3 a uniform Goursat bundle in which case the Theorem asserts that generically every uniform Goursat bundle is locally equivalent to the canonical one. A proof of Theorem 3 can be found in [27] as a special case of that paper's Theorem 4.1. However, the latter covers a very much larger class of sub-bundles than uniform Goursat bundles and there is therefore a much simpler proof in this uniform case. However, for the purposes of this paper an important thing is the procedure for constructing contact coordinates in the uniform case which is a special case of procedure Contact A on page 286 of [28] 5 with ρ 1 = ρ 2 = · · · = ρ k=1 = 0, ρ k = q > 1. Note that the collection of non-negative integers σ = ρ 1 , ρ 2 , . . . , ρ k shall be called the signature of V and is a complete local invariant of Goursat bundles. In the interests of completeness we mention that the non-negative integers ρ i are defined by
where Char V (j)
. It is proved in [27, 28] that a sub-bundle V on manifold M is locally diffeomorphic to a partial prolongation of the contact system C Remark 3. Even though an integration problem is presented for solution in step a) above, in fact, in every example of curves in a Cartan geometry that I've seen no integration is required because the resolvent bundle turns out to be the vertical bundle for the fibration π • π : E → G/H. So a complete set of invariants of R(V (k−1) ) can be taken to be the components of any coordinate system on G/H. In Section 5 we will prove this for curves in any Riemannian manifold of dimension at least 3.
Space curves up to equi-affine transformations
As an illustration of the generalised Goursat normal form and its relation to the geometry of curves we consider immersed curves in R 3 up to the standard action of G := SL(3, R) ⋉ R 3 . The goal is to use repère mobile and Theorem 3 to construct all the invariant data for this situation.
We discuss this example principally for illustration since we permit ourselves to begin with the explicit transitive action. However, our goal in this paper is to drop any reliance on an a priori knowledge of a group action. To that end a contention of this paper is that explicit invariant curve data can be obtained without integration or explicit knowledge of the group action in a significant special case, namely Riemannian geometry. This will be established in Section 5.
A straightforward extension of the n = 2 case covered in Section 2.1 to the n = 3 case leads to the matrix group with elements
where det g = 1.
We parametrise an open subset of the group G by solving det g = 1 for a 9 . From equations (1), (2) or otherwise we deduce the left-invariant Maurer-Cartan form
where ω 1 1 + ω 2 2 + ω 3 3 = 0. For a coframe on G we take the ordered list
whose dual frame we label V = v 1 , v 2 , . . . , v 11 . The Lie algebra multiplication table for V is
By a procedure similar to the one carried out in the n = 2 case we arrive at the Pfaffian system Ω F (see [8] for details) whose integral curves are Frenet lifts of curves in G/SL(3, R) I want to show that a Cartan prolongation of Ω F is a contact system. We calculate that
The Cartan prolongation we shall consider is obtained from this:
To apply the generalised Goursat normal form, Theorem 3, we work with this dual bundle V := Ω ⊥ F and calculate
So hypotheses a), b) and c) of Theorem 3 are satisfied with q = 2 and derived length k = 5. Since q > 1, it remains to check the singular variety of the quotient V (4) /Char V (4) . From the table we see that
and hence
We obtain that Imδ 
The resolvent bundle is integrable, showing that V (4) admits an integrable Weber structure, fulfilling hypothesis d) of Theorem 3. We can therefore conclude that Ω ⊥ F is locally equivalent to the contact distribution C (5) 2 on jet space J 5 (R, R 2 ). For future reference, we note that we often abuse the term "derived type" by referring to the list of lists
as the derived type of V, where k is its the derived length. Thus for the example just treated we may say that its derived type is [3, 0] , [5, 2] , [7, 4] , [9, 6] , [11, 8] , [13, 13] since it is really the dimensions of these bundles that settles the recognition problem.
Differential invariants via Contact
We now apply procedure Contact to construct the two equi-affine invariants for space curves.
In the previous subsection we demonstrated that Ω ⊥ F is a uniform Goursat bundle. The first step in procedure Contact requires the q + 1 = 2 + 1 = 3 invariants of the (integrable) resolvent bundle, R (V (4) ). The vector fields spanning this bundle are all vertical for the projection G × R 3 → R 3 and, indeed, they frame its fibres. It follows that the functions annihilated by these vector fields are spanned by x, y, z -the coordinates of the homogeneous space G/SL(3, R) in which the curves are immersed. Note that no integration is required 6 . A local coordinate calculation verifies this claim. By step b) we are at liberty to take any one of these as the parameter along the curve. We take x for this purpose. Continuing to follow b) we fix a vector field Z ∈ V such that Zx = 1. At this point we must construct the vector fields that span V. This is straightforward since V is constructed from the left-invariant vector fields on G (as well as ∂ κ 1 , ∂ κ 2 ). We obtain
where
From these we obtain
Note that Z is the total differential operator in this example. Finally, we let z 1 0 = y, z 2 0 = z as in step c) and compute the higher order coordinates as in step d) by differentiation by Z. This construction provides the components of the local equivalence φ : G × R 2 → J 5 (R, R 2 ) that identifies V with the contact distribution C
Curves in Riemannian manifolds
The geometries discussed in previous sections of this paper and the one treated in [28] are all of Klein type and one may wonder how the method fares when curvature is introduced. Also, in our previous (illustrative) examples, we have permitted ourselves knowledge of the explicit transitive group action in order to construct the differential system V and we do not want to make this assumption in general. In this paper we will be content to establish a result for Riemannian geometry and illustrate this by two examples. However, we conjecture that similar results hold for other Cartan geometries.
Let ω i , π i j be the components of the Cartan connection 8 of an arbitrary Riemannian manifold (M, g), where dim M = n and ω i , 1 ≤ i ≤ n are semi-basic 1-forms for the projection F(M ) → M ; F(M ) is the orthonormal frame bundle over M . The structure equations for the coframe on F(M ) are
where all indices range from 1 to n and π i j + π j i = 0 for all i, j. Dually, the frame satisfies
We now state the main result of this section.
Theorem 4. Let n ≥ 3 and γ : I → M be an immersed curve in an n-dimensional Riemannian manifold (M, g), I ⊆ R. Let ω i , π i j be the components of the Cartan connection for (M, g) on the orthonormal frame bundle F(M ) → M . Then
1.
There is a unique integral submanifold of
which projects to the Frenet lift of γ to the orthonormal frame bundle F(M ).
2. The sub-bundle V is a uniform Goursat bundle with signature
Hence there is a local diffeomorphism φ which identifies it with the contact distribution C (n) n−1 on jet space J n (R, R n−1 ).
3. The local diffeomorphism φ can be constructed by differentiation and algebraic operations alone.
4.
If the isometries of (M, g) act transitively, then the local diffeomorphism φ induces local coordinate formulas for the complete invariants κ 1 0 , κ 2 0 , . . . , κ n−1 0 of the curve γ up to isometries of (M, g).
Proof . The proofs of 1 and 4 are similar to the proof of Theorem 1. The proof of 2 is complicated to write down in all generality; it is more enlightening to prove it in a sufficiently non-trivial case. We therefore write out the detail proof in the case n = 6, after which the general case will be clear.
The distribution in question, for n = 6, is
We are required to prove that V ≃ C
5 . Let us arrange some of the frame elements into subsets as follows
It is easy to show from (12) that
determine a flag of Lie subalgebras. Using this we compute that for each s in the range 1 ≤ s ≤ 6, the quotients V s := V (s) /V (s−1) have basis representatives
The Cauchy systems have bases
Structure equations (12) show that the singular sub-bundle is
and therefore the resolvent bundle is given by
where a, b, i, j range over all possible values. These calculations show that that the derived type of V is [ [6, 0] , [11, 5] , [16, 10] , [21, 15] , [26, 20] , [31, 25] , [36, 36]] from which one deduce's that the signature of V is 0, 0, 0, 0, 0, 5 . Since R(V (5) ) is integrable and all other hypotheses of Theorem 3 are satisfied with q = 5 and k = 6, we have shown that V is locally equivalent to the contact system C
5 on J 6 (R, R 5 ). To prove 3, we invoke Theorem 4.2 of [28] which shows that to construct the local equivalence φ identifying V with C (6) 5 one only requires a complete set of invariants of the resolvent bundle R(V (5) ). However, it is elementary to see that no element of R(V (5) ) has components tangent to M ; on the other hand R(V (5) ) spans the tangent spaces of the fibres over M . Hence, any coordinate system on M provides the needed invariants and no integration need be performed.
In case the Riemannian manifold M does not have a transitive isometry group then V may simply be regarded as a control system on M with controls κ 1 n−2 , κ 2 n−3 , . . . , κ
and with all other coordinates on E playing the role of state variables (outputs, in the language of control theory). The arc-length parametrisation along the curve plays the role of time in this control theoretic interpretation. The fact that V is a Goursat bundle then proves that it is differentially flat, a type of control system currently under investigation in the control community. In fact it is currently a significant open problem in control theory to geometrically characterise all differentially flat control systems. One other way to state Theorem 4 is to say that the "natural" framing of curves in any Riemannian manifold is differentially flat.
If M does possess a transitive isometry group G then the functions κ 1 0 , . . . , κ n−1 0 form a complete set of curve invariants up to the action of G.
One may wonder whether Theorem 4 is a genuine advance in the theory and/or practice of moving frames either in the sense of Cartan or in the sense of Fels-Olver. The contention of this paper is that it does represent an advance in both the theory and the practice of moving frames. As to the theory, I argue that endowing curves in a Cartan geometry with an explicit contact structure is significant given the fundamental role that contact structures play in geometry and differential equations. As to the practice of the method of moving frames, in the case of Riemannian manifolds (M, g) we have given a framing for curves in M as solutions of a differential system Ω F for any metric g and shown that it can be explicitly identified with the contact system on a jet space J k (R, R q ) for some k, q. In case the isometry group of (M, g) acts transitively, this identification delivers the complete set of invariant data including the differential curve invariants. We formulate this construction as an algorithm.
Algorithm Riemannian curves
INPUT : Riemannian manifold, (M, g), dimension n ≥ 3. a) Construct a parametrisation of SO(n) and orthonormal coframe ω on M . b) Lift ω to the orthonormal frame bundle over M and build the Cartan connection Θ for (M, g). This involves linear algebra.
c) From Θ, build the differential system V defined in Theorem 4.
d) Apply procedure Contact using, as invariants of the resolvent bundle, any coordinate system on M .
e) Construct diffeomorphism φ by procedure Contact A.
OUTPUT : Local diffeomorphism φ identifying V with contact distribution C (n) n−1 . In case the isometry group of (M, g) acts transitively, obtain complete, explicit invariant data for curves in M , following the inversion of φ.
Note that Riemannian curves is an algorithm in as much as steps a)-e) do not require any integration to be performed. All the steps involved are algebraic.
Curves in the Poincaré half-space
The aim of this subsection is to apply the previous theorem to construct explicit expressions for curvature and torsion for curves in the Poincaré half-space H 3 , with Riemannian metric
In principle we could approach this by putting coordinates on the Lie group SO(3, 1) and then consider curves in the homogeneous space SO(3, 1)/SO(3), as we did in the case of equi-affine space curves. However, this leads to unwieldy expressions which are difficult to handle, even with the help of a computer. Instead, we will use the method of equivalence to construct the Cartan connection for g and then use this to build the canonical Pfaffian system Ω F for the Frenet frame of a generic curve in H 3 . In fact, we will construct the dual vector field distribution V = Ω ⊥ F . Begin by lifting the 1-forms and ω j i + ω i j = 0. As is usual in the method of equivalence, we compute the structure equations of the semi-basic forms obtaining
All torsion can be absorbed by redefining connection forms and we obtain structure equations
The remaining structure equations are
These structure equations are those of the Maurer-Cartan form on SO(3, 1). Moreover, we are now able to define the e(3)-valued Cartan connection
for metric g. Setting n = 3 in (13), and adopting the usual notation κ 1 0 = κ, κ 2 0 = τ , κ 1 1 = κ 1 , we study the integral submanifolds of
It is easy to check that V has derived type [ [3, 0] , [5, 2] , [7, 4] , [9, 9] ].
It can be checked that ρ 1 = ρ 2 = 0 and hence the signature of V is 0, 0, 2 . This is the signature of contact system C (3) 2 . To complete the check that V is diffeomorphic to C (3) 2 , we compute the resolvent bundle and check its integrability.
We find that Char V (2) = {∂ Once again, the algebraic system that is presented for solution in this task is guaranteed to have a block triangular structure.
We remark that semi-circular arcs parallel to the y − z plane γ(y) = C 1 , y, C 2 2 − y 2 , C 2 > 0, −C 2 < y < C 2 are geodesics in H 3 ; accordingly it can be checked that κ(γ(y)) = τ (γ(y)) ≡ 0.
We have also been concerned with the problem of explicitly computing differential invariants of curves immersed in spaces equipped with a transitive action of a Lie group. If this Lie group action is explicitly known and not too complicated then the method of choice for computing the differential invariants and other geometric data is the normalisation of the group action as in the equivariant moving frames method of Fels and Olver, described in [9, 10] . This method is very general, has a simple and elegant theoretical foundation and presents as simple a computational task as could be hoped for. However, if the explicit group action is not known or it is known but too complicated to work with and if the goal is explicit expressions for differential invariants then the Fels-Olver method can't readily be used to compute invariants explicitly 9 . In this case, we have shown that for Riemannian manifolds (M, g), the contact geometry can be fruitfully used to derive differential invariants and this requires as input data only the metric g and a realisation of the structure group SO(n). With this data the Cartan connection for (M, g) can be constructed by linear algebra and differentiation. Subsequently, Theorem 4 provides an algorithm, Riemannian curves, for the curve invariants and, if required the Fels-Olver equivariant moving frame.
The symbolic computational aspects of procedure Contact and algorithm Riemannian curves presented in this paper should be mentioned briefly. The Maple package DifferentialGeometry is ideally suited to the computation of all the relevant bundles and determining the derived type of any sub-bundle V ⊂ T M over manifold M . For instance, the two Riemannian examples presented in Section 5, take only a few minutes to complete commencing only with the metric and realisation of matrix group SO(3). Furthermore, the construction of differential curve invariants requires the inverse of the local diffeomorphism φ produced by procedure Contact. The proof of correctness of Contact in [28] shows that this algebraic problem will be block triangular. Thus the procedures discussed in this paper have quite good computational features.
However, of much greater significance stands the proposition that the Frenet frames along a curve and hence the curve itself can be endowed with a contact geometry. This should have significance not only for the geometry of curves but also for Cartan's method of moving frames as well as for the equivariant moving frames method of Fels and Olver. This is because contact systems are fundamental geometric objects and play a central role in differential geometry and differential equations. In fact, the construction of any contact system out of the components of a Cartan connection can in many ways replace or complement the step by step construction of moving frames championed by Cartan. What is more, a characterisation of contact systems in arbitrary jet spaces in the spirit of the Goursat normal form is known [2, 30] and could be applied to study the geometry of submanifolds of dimension p > 1 in general geometries as we have done here in the case p = 1. This raises the interesting question of the extent to which the results of this paper can be extended to homogeneous spaces in general and how they are connected to existing theory such as [5, 6, 8, 12, 14, 11, 26, 1, 21, 9, 10, 24] .
In this respect it should be mentioned that the Fels-Olver theory of moving frames has application well beyond the explicit calculation of differential invariants and moving frames. Much can be accomplished within the theory even without this explicit knowledge; see Mansfield [16] for details. What we hope to have achieved in this paper is the presention of evidence supporting the proposition that it is useful to enrich the philosophy and practice of moving frames by exploring its links with contact geometry.
Finally, we mention that an intriguing question is the relationship between the contact geometry of curves as explained here and the integrable motion of curves in various ambient manifolds [13, 7, 17, 19] .
